In this paper, we investigate minimal (weak) approximate Hessians, and completely answer the open questions raised by V. Jeyakumar and X. Q. Yang. As applications, we first give a generalised Taylor's expansion in terms of a minimal weak approximate Hessian. Then we characterise the convexity of a continuously Gâteaux differentiable function. Finally some necessary and sufficient optimality conditions are presented.
Introduction
Recently, considerable attention has turned to second-order nonsmooth analysis and its applications to optimisation by virtue of various kinds of generalised directional derivatives and generalised Hessians (see for example [1, 2, 3, 5, 6, 7, 9, 10, 12, 13, 15, 18, 19, 20] ). In particular, much effort has been concentrated on secondorder nonsmooth calculus for C 1;1 functions and optimisation problems involving C 1;1 functions (see for example [11, 13, 17, 22, 23] ). In [14] V. Jeyakumar and X. Q. Yang extended optimality condition for C 1;1 functions to continuously Gâteaux differentiable functions by using approximate generalised Hessians. However, a continuously Gâteaux differentiable function or a C 1;1 function may admit several approximate generalised Hessians at a point. On the other hand, from the point of view of optimisation, it is important to find approximate generalised Hessians as "small" as possible. So the issue of finding minimal approximate Hessians was raised as an open problem in [14] , and the following open questions were given there.
(1) When can the generalised Hessian, @ f .x/.u/ (see the definition in Section 3), be guaranteed as a minimal approximate Hessian for a C 1;1 function f at x?
(2) Can a minimal approximate Hessian be found for a C 1;1 function or a continuously Gâteaux differentiable function? (3) When is the minimal approximate Hessian unique?
The purpose of this work is to investigate minimal approximate Hessians and minimal weak approximate Hessians for continuously Gâteaux differentiable functions, and to answer the above questions.
The outline of this paper is as follows. In Section 2, we give the characterisation of minimal (weak) approximate Hessians for continuously Gâteaux differentiable functions, and a necessary and sufficient condition for the uniqueness of a minimal (weak) approximate Hessian for continuously Gâteaux differentiable functions. Consequently, Questions 2 and 3 above are answered. Then, in Section 3, we prove a necessary and sufficient condition for a generalised Hessian @ f .x/.u/ to be a minimal approximate Hessian for a C 1;1 function f at x. This answers Question 1 above. As applications, in Section 4, we give a modified version of the generalised Taylor's expansion in [14] . Then we characterise the convexity of a continuously Gâteaux differentiable function in terms of a minimal approximate Hessian and a generalised derivative in the sense of Michel-Penot. Moreover, we present some necessary and sufficient optimality conditions for continuously Gâteaux differentiable functions, which modify the results in [14] .
Minimal approximate Hessians
Let X be a Banach space and X * its dual space, and ·; · denote the canonical pair between X and X * . Let f : X → R be continuously Gâteaux differentiable and x; u ∈ X. The second-order upper Dini-directional derivatives of f at x in the directions .u; u/ ∈ X × X and .u; −u/ ∈ X × X (see [14] ) are defined, respectively, by
where ∇ f .x/ is the Gâteaux derivative of f at x. Similarly, second-order lower Dini-directional derivatives of f at x in the directions .u; u/ and .u; −u/ are defined respectively by
The function f is said to admit an approximate generalised Hessian at x if for each u ∈ X, f admits an approximate generalised Hessian at x for u. An approximate generalised Hessian G for f at x for u is called a minimal approximate Hessian for f at x for u if for each 
The function f is said to admit a weak approximate generalised Hessian at x if for each u ∈ X, f admits a weak approximate generalised Hessian at x for u. A weak approximate generalised Hessian G w for f at x for u is called a minimal weak approximate Hessian for f at x for u if for each
, the definition of a (weak) approximate generalised Hessian presented here is the same as that in [14] . Clearly, each approximate generalised Hessian of f at x is also a weak approximate generalised Hessian. Furthermore, the following result can be derived immediately from Definitions 2.1 and 2.2. We are now in a position to characterise the minimal (weak) approximate Hessian.
THEOREM 2.1. Suppose that a continuously Gâteaux differentiable function f : X → R admits an approximate generalised Hessian at x for u. .
minimal approximate Hessian for f at x for u if and only if G.x; u/
= {x * } for some x * ∈ X * s.t. x * ; u = f DD ++ .x; u/. .ii/ If f DD ++ .x; u/ = f DD −+ .x; −u/, then G.x; u/ ⊂ X * is a
= co{x * 1 ; x * 2 } .the convex hull of {x * 1 ; x * 2 }/ for some x * 1 ; x * 2 ∈ X * s.t. x * 1 ; u = f DD ++ .x; u/ and x * 2 ; u = f DD −+ .x; −u/. PROOF. (i) If f DD ++ .x; u/ = f DD −+ .x; −u/, by Definition 2.1, for each x * ∈ X * s.t. x * ; u = f DD ++ .x; u/,f at x for u. So G.x; u/ = {x * }. (ii) If f DD ++ .x; u/ = f DD −+ .x; −u/, then for each x * 1 ; x * 2 ∈ X * s.t. x * 1 ; u = f DD ++ .x; u/ and x * 2 ; u = f DD −+ .x; −u/, it follows from Definition 2.1 that co{x * 1 ; x * 2 } is an ap- proximate generalised Hessian for f at x for u. Let @ aa f .x/.u/ ⊂ co{x * 1 ; x * 2 } be an approximate generalised Hessian for f at x for u. Again by Definition 2.1, there exists x * ∈ @ aa f .x/.u/ s.t. x * ; u = f DD ++ .x; u/, then x * 1 = x * ∈ @ aa f .x/.u/ since there is only one point in co{x * 1 ; x * 2 } satisfying x * ; u = f DD ++ .x; u/, that is, x * 1 . Sim- ilarly we can derive x * 2 ∈ @ aa f .x/.u/. Then @ aa f .x/.u/ = co{x * 1 ; x * 2 },
PROOF. (i) If

ii/ If f admits a weak approximate generalised Hessian at x for u, then the minimal weak approximate Hessian for f at x for u is unique if and only if u = 0, X is one dimensional, and there is at most one point in A ∩ B.
PROOF. (i) If u = 0, Proposition 2.1 (iv) shows that the minimal approximate Hessians for f at x for u are not unique. If u = 0 and X is not one dimensional, both {x * ∈ X * : x * ; u = f DD ++ .x; u/} and {x * ∈ X * : x * ; u = f DD ++ .x; −u/} are not single-point sets. So, by Theorems 2.1 and 2.2, the minimal approximate Hessians for f at x for u are not unique.
On the other hand, if u = 0 and X is one dimensional, {x * ∈ X * :
x; −u/} are all single-point sets, which together with Theorems 2.1 and 2.2 imply that the minimal approximate Hessian for f at x for u is unique.
(ii) This statement follows from Theorem 2.2 (i) and a slight modification of the proof of (i). The proof is complete.
Minimal approximate Hessians for C 1,1 functions
The generalised upper and lower second-order directional derivative and generalised Hessian for a C 1;1 function f : X → R at x in the sense of Michel-Penot are given as follows:
Moreover, the following formulas hold for all x; u ∈ X.
3)
The definitions and formulas for the C 1;1 functions mentioned above can be found or derived from those in [14, 23] .
Note that (3.1) implies that @ f .x/.u/ can be chosen as an approximate generalised Hessian for f at x for u, so there always exists a minimal approximate Hessian in @ f .x/.u/ by Remark 2.1 (i). Then we may ask naturally: when can @ f .x/.u/ itself be a minimal approximate Hessian? This is Question 1 from Section 1 and the following theorem gives the answer. On the other hand, if @ f .x/.u/ is a compact set of a one-dimensional subspace of X * and (3.4) and (3.5) hold, we also have two cases. ; u = f − .x; u; u/. Then it follows from (3.2)-(3.5) that @ f .x/.u/ = co{x * 1 ; x * 2 }, which implies that @ f .x/.u/ is a minimal approximate Hessian for f at x for u by Theorem 2.1. This completes the proof.
Since in a reflexive Banach space X, the mapping x → @ f .x/.u/ is singlevalued for each u ∈ X if and only if f is twice weakly Gâteaux differentiable at x (see [14, 23] ), we have the following corollary by Theorem 3.1 immediately. COROLLARY 3.1. Let f : X → R be twice weakly Gâteaux differentiable at x ∈ X ,with Banach space X reflexive, then @ f .x/.u/ is a minimal approximate Hessian for f at x for u.
Applications
Generalised Taylor's expansions and convexity
We now apply a minimal approximate Hessian to give the following modified version of the generalised Taylor's expansions given in [14] for continuously Gâteaux differentiable functions. By applying this generalised Taylor's expansion, we characterise the convexity of a continuously Gâteaux differentiable function in terms of a minimal approximate Hessian and generalised derivative. .i/ f is convex. .ii/ f − .x; u; u/ ≥ 0 for each x; u ∈ X.
